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Single-slit diffraction and the Heisenberg principle for position and momentum
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Monochromatic light is prepared by a single slit of spatial width ∆x. The diffraction pattern
is considered to obtain the corresponding probability density of the momentum. Let P be the
probability weight to measure a momentum in a finite window of width ∆p. For ∆p → 0 the
asymptotic law P ∼ ∆x∆p
h
is verified, while h is Planck’s constant of action.
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INTRODUCTION
The diffraction of a plane wave by a slit has often been
discussed as an illustration of Heisenberg’s uncertainty
relations and their role in the process of measurement.
Let us begin with the ordinary case of a single particle
passing through a slit in a diaphragm of some experimen-
tal arrangement. Even if the momentum of the particle is
completely known before it impinges on the diaphragm,
the diffraction of the plane wave by the slit will imply an
uncertainty in the momentum of the particle after it has
passed the diaphragm, which is greater the narrower the
slit.
Now the width of the slit, say ∆x, may be taken as the
uncertainty of the position of the particle relative to the
diaphragm, in a direction perpendicular to the slit. It is
seen from de Broglie’s relation between momentum and
wave-length that the uncertainty ∆p of the momentum
of the particle in this direction is correlated to ∆x by
means of Heisenberg’s general principle ∆x∆p ∼ h. In
his celebrated paper [1] published in 1927, Heisenberg
attempted to establish this quantitative expression as the
minimum amount of unavoidable momentum disturbance
caused by any position measurement.
Heisenberg himself did not give a unique definition for
the ’uncertainties’ ∆x and ∆p, but estimated them by
some plausible measure, in each case separately. In his
lecture [2] he emphasized his principle by the formal re-
finement
∆x∆p & h. (1)
On the other hand, it was Kennard [3] in 1927 who
first proved the now-popular inequality
σxσp ≥ ~/2 (2)
with ~ = h/2pi, and σx, σp being the ordinary standard
deviations of position and momentum. Heisenberg
himself proved relation (2) for Gaussian states [1, 2].
Clearly, the statistical dispersion principle (2) and the
common statement of the uncertainty principle (1) are
not equivalent or even closely related [4]. The statement
(1) refers to errors of simultaneous measurements of po-
sition and momentum on one system. The position and
the momentum are both considered for the same particle
and the key observation is that the initial measurement
of the position necessarily disturbs the particle, so that
the momentum is changed by the preparation. Actually,
this is the situation when particles pass a slit.
On the other hand, (2) refers to statistical spreads
in ensembles of measurements on similar prepared
systems. But only one of them, either the position or
the momentum, is measured on any one system. So
there is no question of one measurement interfering with
the other.
In what will follow, we just focus on simultaneous
measurement processes corresponding to the uncertainty
principle (1). Initially, we will discuss the precise defini-
tion of ∆x and ∆p and their meaning in terms of the mea-
surement process under consideration. As we will see in
the following section, some refinements of the statement
(1) seem necessary to obtain a well-defined experimental
setup. Finally, we present a simple laser experiment and
verify the uncertainty principle.
THE SINGLE-SLIT EXPERIMENT
In the single-slit diffraction experiment, a monochro-
matic plane wave, representing an incoming beam of par-
ticles with momentum p0, impinges on a wall that con-
tains an infinitely long slit of width ∆x. The diffracted
particles are observed on a screen placed at a distance L
behind the slit. Without loss of generality, the normal-
ized wave function in position spaces within the slit will
be considered to be
ψ(x) =
{
1√
∆x
if |x| ≤ ∆x/2
0 if |x| > ∆x/2
(3)
2where x is the position coordinate in the direction per-
pendicular to the slit. The most natural measure of the
uncertainty in position is the width of the slit ∆x > 0,
while any particle reaching the screen has to pass the slit
in advance. Let p be the momentum component along
the x-direction. Then, all particles of the sample acquire
a momentum spread on passing through the slit in accor-
dance to the distribution
|ϕ(p)|2 =
∆x
h
[
sin(pi∆xh p)
pi∆x
h p
]2
. (4)
In quantum mechanics, the latter is obtained by Fourier
transform of the initial wave function (plane wave)
reduced by the slit.
Although the position uncertainty ∆x is clearly defined
by the width of the slit, the uncertainty ∆p of the mo-
mentum has many appearances. In the usual analysis it is
evaluated as the width of the main peak in the diffraction
pattern at the screen. Typically, the latter is chosen as
twice the value of the first interference minimum (FIM),
or equal to the full width at the half maximum (FWHM)
[5][6][7]. The choice between both is sometimes forced by
practical purposes since a high quality diffraction pattern
is hard to obtain. For instance, in the case of heavy mas-
sive particles the minima of the diffraction pattern do
not always reach zero at their minima. However, such
measures are mostly based on the probability weight of
the momentum density inside the width ∆p around the
main peak.
The probability of detecting particles with momentum
inside the interval ∆p is formally given by integrating the
momentum density of the particles. In our example, we
obtain the following expression:
P (∆p|∆x;ϕ) =
∫ ∆p/2
−∆p/2
|ϕ(p)|2 dp (5)
Actually, this probability is a conditional probability
and dependent on both measurement precisions ∆x and
∆p, ensuring the tradeoff between the complimentary ob-
servables.
In Fig. 1, we see the measurement probability for a
plane wave with respect to the parameter
ξ =
∆x∆p
h
. (6)
The FWHM and the FIM then correspond to the
special cases ξ = 0.89 and ξ = 2 respectively. The
Heisenberg inequality (1) is schematically expressed by
the ’step-function’ at ξ = 1.
On the other hand, there is a general least upper bound
of the probability (5) which is independent of the wave
function. This bound was first obtained by Slepian, Lan-
dau and Pollak in the study of bandlimited functions for
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FIG. 1: The Heisenberg inequality (1) is schematically ex-
pressed by a step-function at ξ = 1. For the plane wave
(exact) the conditional probability (5) is monotonic increas-
ing and approaches ∼ ξ for ξ → 0. The least upper bound is
also shown (see text).
time-frequency analysis in signal-theory [8][9][10]. Its in-
terpretation for position and momentum observables can
be found in [11][12][13]. In the quantum limes ξ → 0 this
bound approaches zero of order ∼ ξ (see Fig. 1).
In the following section, we will consider a simple (text-
book) setup for an experimental verification of the mo-
mentum probability (5) applied to the particular case of
a monochromatic wave.
EXPERIMENTAL SETUP
The diffraction pattern associated with the probability
density (4) is obtained on a distant screen. That is, for
large distances L the momentum substitution p→ xp0/L
is applied, while x is the coordinate perpendicular to the
beam measured on the screen and p0 = h/λ0 is the initial
mean momentum of the particles.
The incident wave may represent either the
Schro¨dinger wave function of a particle of mass m,
in which case the angular frequency is ω = ~k2/2m, or
else it may represent the electric field amplitude of an
electromagnetic wave, in which case ω = ck. The latter
approach is represented by the Helmholtz equation and
the mathematical formulation is similar in both cases.
By simple algebraic substitution we obtain the following
intensity pattern at the screen in terms of x in the
Fraunhofer approach
|ϕ˜(x)|2 =
∆x
λ0L
[
sin(pi∆xλ0 x)
pi∆x
λ0
x
]2
(7)
3and the screen position x is related to the parameter
ξ =
2∆x
λ0L
x. (8)
The latter is the key quantity relating the theoretical
predictions of Fig. 1 within the slit to the intensity pat-
tern at the screen. It is known from Fourier-Optics [14]
that a thin converging lens with focal length f performs
a Fourier transformation between the front and rear focal
plane. Furthermore, it reduces the limit L → ∞ to the
finite length L = f , and equation (7) holds.
FIG. 2: The intensity of the diffraction pattern is measured
by a CCD-Sensor. The width of the slit is ∆x = 109± 2 µm
and the focal length of the lens is f = 200.5 mm.
We apply laser light of the spontaneous and stimulated
emission between the 3s2 and 2p4 states which results in
a wavelength of λ0 = 632.82 nm, the typical operating
wavelength of a HeNe-Laser (power: 0.5 mW). The in-
tensity of the beam is controlled by a polarization filter
and subsequently collimated (see Fig. 2). The fixed width
of the slit is ∆x = 109±2 µm and the focal length of the
thin lens is f = 200.5 mm.
The intensity of the diffraction pattern is measured
by a Charge-Coupled-Device Sensor (CCD-Sensor). It
is located at the distance of 2f behind the slit. The
measurement range and the resolution of the CCD-Sensor
is given by 3648 pixels and the size of a single pixel 8 µm.
The exposure time for a single snapshot is 1 ms.
In Fig. 3, we see the average diffraction pattern of the
measurement compared to the exact density correspond-
ing to (7) in semi-logarithmic scales. The error bars are
very small and thus not expressed in the figure. The ex-
perimental data fit very well to the exact computation
up to 12 orders of diffraction. By numerical integration
of the data we obtain the proabability (5).
It should be mentioned that the main peak of the mea-
sured histogram is not normalized by the maximum of the
central peak. Instead, we compute the total voltage over
all pixels and the partial area of the momentum inter-
val ∆p of the empirical density is obtained by numerical
integration. The monotonic increasing behavior of the
distribution is shown in Fig. 1. All measurement results
fit very well to the theoretical computation of (5) over
the whole range ξ > 0.
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FIG. 3: Measured versus theoretical probability density in
semi-logarithmic representation for 12 orders of diffraction.
The theoretical prediction fits the data for about 4 orders of
magnitude.
SUMMARY
It has been shown that there are measurement events
beyond the inequality ∆x∆p ≥ h. Moreover, we verified
that the probability weight of such events approach zero
by the scaling law P ∼ ∆x∆ph , when ∆x or ∆p is suffi-
ciently small. Finally, it has been verified that the mea-
surement intensity satisfies the least upper bound pre-
dicted in literature.
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